The competition between bacteria often involves both nutrients and phage 7 predators and may give rise to abrupt regime shifts between the alternative stable 8 states characterized by different species compositions. While such transitions have 9 been previously studied in the context of competition for nutrients, the case of phage-10 induced bistability between competing bacterial species has not been considered 11 yet. Here we demonstrate a possibility of regime shifts in well-mixed phage-bacterial 12 ecosystems. In one of the bistable states the fast-growing bacteria competitively 13 exclude the slow-growing ones by depleting their common nutrient. Conversely, in 14 the second state the slow-growing bacteria with a large burst size generate such a 15 large phage population that the other species cannot survive. This type of bistability 16 can be realized as the competition between a strain of bacteria protected from phage 17 by abortive infection and another strain with partial resistance to phage. It is often 18 desirable to reliably control the state of microbial ecosystems, yet bistability significantly 19 complicates this task. We discuss successes and limitations of one control strategy in 20 which one adds short pulses to populations of individual species. Our study proposes 21 a new type of phage therapy, where introduction of the phage is supplemented by 22 addition of a partially resistant host bacteria. 23 IMPORTANCE Phage-microbial communities play an important role in human health 24
INTRODUCTION
Diverse ecosystems are known to be capable of regime shifts in which they abruptly 38 and irreversibly switch between two mutually exclusive stable states (1) . Such regime 39 shifts have been extensively studied in both macroscopic and microbial ecosystems (1) 40 and shown to be hysteretic and history-dependent. In microbial ecosystems (2) these 41 ms Submission Template mSystems Submission Template mSystems Submission Template mSystems Submission Template mSystems Submission Template mSystems Submission Tem transitions are known to be possible when a bacterial species directly produces some 42 metabolic waste products or antibiotics (3) that inhibit the growth of other bacteria. 43 They may also occur when bacterial species compete for several food sources, which 44 they use either in different stoichiometric ratios (4) or in different preferential orders 45 (5) . Here we explore a new type of regime shifts caused by interactions between 46 bacteria and phages. Bacteriophages have long been known to increase bacterial diversity, especially in aquatic environments (6, 7) . However, their potential to create 48 multiple stable states with distinct bacterial species compositions so far has not been 49 recognized. Here we illustrate a possibility of such alternative stable states and regime 50 shifts using a computational model in which two bacterial species compete for the 51 same food source, and are simultaneously exposed to an infection by the same virulent 52 phage. Such dual constraints are known to abate the usual competitive exclusion (8) by 53 allowing multiple bacterial species consuming the same nutrient to co-exist (9, 7) . 54 Microbial communities are an important part of our natural and artificial surround-55 ings and are also responsible for many aspects of human health. Some compositions of 56 microbial communities may be useful for us, while other might be detrimental or even 57 lethal. Thus we would like to reliably manipulate and control the species compositions 58 of these systems. Here we explore several strategies aimed to control the state of 59 phage-bacterial ecosystems via short population pulses inducing the desired regime 60 shift. 61 
MODEL AND RESULTS

62
Model We study a model describing the dynamics of two microbial species with 63 populations B 1 and B 2 growing on a single limiting nutrient (e.g. carbon source) with 64 concentration C and infected by a single phage species with population P . All popula- 65 tions are assumed to be well-mixed in an environment constantly supplied with the 66 limiting nutrient at a rate φ. The dynamics of this ecosystem is given by 71 The growth rate of each bacterial species is assumed to be proportional to the nutrient 72 concentration C with the species B 1 growing faster than the species B 2 : λ 1 > λ 2 . Nutri-73 ent yields of these two species are given by Y 1 and Y 2 respectively. Phage adsorption 74 coefficients of two species are given by η 1 and η 2 and their burst sizes are β 1 and β 2 . 75 The two bacterial species in our model are assumed to have the same death rate δ B 76 that also includes possible contribution from dilution of their shared environment. The 77 death/dilution rate of the phage is given by δ P and the nutrient is diluted at a rate δ C .
78
Conditions for bistability and regime shifts
In what follows we explore the 79 steady state solutions of Eqs. 1-4, -the only asymptotic dynamical behavior possible 80 in our system. In the absence of phages, the faster growing species B 1 would always 81 eliminate the slower growing species B 2 due to competitive exclusion (8) . Phages in 82 principle allow for a slow-growing species to co-exist with the fast-growing one or even 83 to completely take over the ecosystem. In order for this to happen in high-nutrient/high- 84 phage environments the species B 2 needs to be less susceptible to phage infections 85 than the species been previously identified and computationally studied (9, 7, 10) . 88 Here we introduce and study another regime of a phage-bacterial ecosystem in 89 which two bacterial species could mutually exclude each other. This falls under the 90 category of discontinuous and abrupt regime shifts between alternative stable states in 91 microbial ecosystems (see Ref.
(2) for a review), which have been previously modelled 92 in the context of competition for nutrients (5, 4) and without phages. In order for a 93 phage-bacterial ecosystem to be in principle capable of bistability, the slow-growing 94 bacterial species needs to produce disproportionately more phages per each unit 95 of consumed nutrient than the fast-growing one:
As we show in the 96 Supplementary Materials, the bistability requires the following three inequalities to be 97 satisfied: species due to competitive exclusion. As the nutrient supply rate is increased above 134 0.14, the population of the phage P becomes sustainable and linearly increases with φ. as nutrient supply rate. One way to achieve such control is by adding a fixed amount 154 of one of the species P , B 1 , B 2 , or of the nutrient C giving rise to an instantaneous 155 increase of its current population/concentration. Such one-time addition, which we call 156 a "population pulse", is similar to the "impulsive control strategy" discussed in Ref. (12) . 157 Since P , C , and B 2 are all higher in the B 2 -dominated state than in the get established in the system and eliminate B 1 . This could happen for φ > φ (2) . 192 We introduced a mathematical model of regime shifts in phage-bacterial ecosystems. 193 The alternative stable states in our model are populated by different bacterial species 194 mutually excluding each other. The negative interactions between these species are 195 mediated by either their co-infecting phages or their shared nutrients. In this respect 196 the mechanism of bistability in our model is similar to that in consumer resource 197 models without phages (4 
191
DISCUSSION
Similarly, multistability studied in Refs. (14, 4) requires species competing for two 206 types of essential resources (e.g. C and N) to have different C:N stoichiometries. 207 Regime shifts and multistability are known to occur when competition between 208 species in principle allows for their co-existence, while the differences in stoichiometry 209 make such coexistence dynamically unstable (14, 4) . This is also true in our model, 210 where bistability between species B 1 and B 2 is possible whenever their co-existence 211 is dynamically unstable. Conversely, a dynamically stable co-existence of B 1 and B 2 is 212 possible whenever inequalities given by Eqs 5-6 are satisfied, while that in the Eq. 7 213 changes the direction to
214
Our model predicts that regime shifts in phage-microbial ecosystems can be a 215 consequence of differences in species' yields Y 2 > Y 1 rather than their burst sizes. A 216 negative correlation between species' growth rate and its yield known as rate-yield 217 trade-off is widely known (15) . According to this correlation slower growing species 218 tend to have higher yields thereby facilitating bistability in our model. 219 A general case of predator-prey food webs with multiple trophic levels has been 220 considered in Ref. (16, 17) . is dominated by B 1 . When this state is exposed to a strong pulse of P , C , or B 2 it can 279 switch to the "lytic state" dominated by B 2 and producing many phages (see Fig. 3 ). 280 One realistic implementation of bistability predicted by our model is in a phage-281 microbial ecosystem consisting of a bacterial strain protected against phages by the 282 abortive infection (Abi) mechanism (B 1 ) and a partially-resistant strain (B 2 ) co-infected 283 by the same phage. Hosts with abortive infection allow phages to enter and kill them 284 without producing a noticeable phage progeny (13) . An example of the Abi defense 285 is provided by certain types of CRISPR defense (27, 28, 29) , where phages kill most of 
METHODS
302
Simulations The paper investigates the dynamics of a model defined by Eqs. (1-4) , 303 built on assumptions of mass action kinetics in a well-mixed system with an adjustable 304 nutrient supply rate (32) . We performed both deterministic and stochastic simulations 305 of this model. 306 In stochastic simulations shown in Fig. 1B Eq. 15) . The green line shifts up as the nutrient supply φ is increased. Bacterial populations B 1 (B 2 ) disappear at the boundaries φ (1) (φ (2) ) of the bistability region φ (2) < φ < φ (1) . Here we show an example in which the steady state C * , P * is dynamically unstable giving rise to bistability. However, if the grey line has a steeper slope than the green line, the bistability is replaced by the region (φ (1) < φ < φ (2) ) of stable coexistence of B 1 and B 2 .
focus of this study. The exact position of the environmental parameters on the (C , P ) 347 plane is determined by the supply rate φ of the limiting nutrient to the ecosystem. For 348 φ < δ C δ B /λ 1 there is not enough nutrient to support the growth of any species and the 349 environment remains abiotic. Hence the first transition happens at
, the species 1 is present but its biomass is not 352 sufficient to support the survival of the phage. The phage first enters the ecosystem at
354
For even larger nutrient supply rates: (2) or φ (1) > φ (2) , with the latter 362 case corresponding to bistability which is the main focus of this study. For pedagogical 363 reasons, let us first consider the model where φ (1) < φ (2) and thus B 1 -B 2 co-existence is 364 possible. In this case both species 1 and 2 can co-exist with each other in the interval
The abundances of each of 366 the two microbial species can be geometrically determined as the intersection of two 367 straight lines in the (B 1 , B 2 )-plane shown in Fig. 4B . The grey line corresponds to the 368 steady state of the phage population P in Eq. 4 and is given by the equation
370 It must intersect with another straight line defining the steady state of the nutrient 371 concentration C = C * and is given by
373
These lines intersect for positive B 1 and B 2 when φ (1) < φ < φ (2) . 374 In the opposite case, where φ (1) > φ (2) , the system is capable of bistability for 375 nutrient supply rates φ (2) < φ < φ (1) . To understand this it is useful to follow the 376 trajectory of environmental parameters (C , P ) as φ is gradually increased. For φ P 1 < 377 φ < φ (1) the environmental parameters follow the ZNGI of the fast growing species 378 1 (the red line in Fig. 4A below the intersection with the blue line). Immediately 379 above the intersection point (C * , P * ), realized for nutrient supply rate slightly larger 380 than φ (1) , the ecosystem becomes invadable by the species 2. However, for this 381 species the intersection point (C * , P * ) corresponds to a lower value of nutrient supply 382 φ (2) < φ (1) . Hence after a brief transient period the environmental parameters (C , P ) 383 of our ecosystems move to the position marked with the blue cross in Fig. 4A . As φ 384 continues to increase above φ (1) , the environmental parameters follow the ZNGI of the 385 species 2 (the blue line to the right of the blue cross in Fig. 4A ). 386 If at some point one starts decreasing φ, the species 2 will persist down to φ (2) at 387 which the environmental parameters are again at the coexistence point (C * , P * ). For 388 slightly lower φ the environmental parameters will discontinuously jump to the point 389 marked with the red cross on the ZNGI of the species 1. For even lower nutrient supply 390 rates they will continue to follow the ZNGI of the species 1 to the left and below of the 391 red cross. Hence, our environment is bistable in the interval of two ZNGIs between the 392 red and blue crosses. The lower red part of this interval is reachable only when φ is 393 increased from a low value below φ (2) , while the upper blue part -when φ is decreased 394 from a high value above φ (1) . 395 Above we assumed that phages can survive for φ = φ (2) in the ecosystem domi-396 nated by the species 1 instead of species 2. This requires C * δ P λ 2
(16) 399 In the opposite limit of this inequality and for nutrient supply rates satisfying φ (2) < φ < 400 φ P 1 the phages will be absent in one of the two alternative stable states (dominated by 401 the species 1) but present in another one (dominated by the species 2). 402 The scenario illustrated in Fig . 2 corresponds to φ P 1 < φ (2) < φ (1) 
407
408
The abundances in the alternative stable state F dominated by the slow growing species 409 2 410 B (S )
414 in the state dominated by the species 2.
415
In the regime where φ P 1 < φ (2) < φ (1) and for nutrient supply rates in the bistable 416 window φ (2) < φ < φ (1) , the ecosystem also has a dynamically unstable steady state in 417 which both bacterial species co-exists with each other and have the following abun-418 dances:
421
Note that in our study we consider only uninvadable states of the ecosystem. 422 In other words, we ignore an invadable steady state, where for a small value of φ The other transitions visible in Figure 2 happen at φ B1 = 0.04 above which the 445 bacterial species 1 is able to survive given the dilution rate δ, and φ P 1 = 0.14, above 446 which the phage can survive in this ecosystem. 447 To estimate the typical values of C and P in two bistable states let us consider one 448 example when φ = 0.25 is slightly above φ (2) . In this case the steady state concentrations 
